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A spatially homogeneous anisotropic LRS Bianchi type-I cosmological model is studied
in f(R, T ) gravity with a special form of Hubble’s parameter, which leads to constant
deceleration parameter. The parameters involved in the considered form of Hubble pa-
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properties of a specific model. Moreover, we have discussed the cosmological distances
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1. Introduction
Observation plays a major role in modern cosmology. The advent of new tech-
nologies in observations enforces the theorists to rethink on the formulation of the
gravitational theories time to time. Einstein had to drop the cosmological constant
from the field equations with the discovery of Hubble. The concept of decelerating
expansion of the Universe had to drop by the theorists with the observation of type
Ia supernovae in 1998. Since then CMB, BAO, SDSS and many more observations
provide evidences in support of the accelerating expansion of the Universe. So, it is
very important to take care of the observational results while building a theoretical
model of the Universe. The accelerating expansion of the Universe is an important
feature of present day cosmology. The Einstein field equations (EFEs) always lead
to a decelerating expansion with the normal matter component in the Universe.
The accelerating expansion can be described either by supplying some extra com-
ponent in the energy momentum tensor part in the field equations or by doing some
modifications in the geometrical part. With these principles, the past few years of
research produced a plethora of cosmological models of the Universe explaining the
accelerating expansion. The theory of dark energy have taken special status in re-
cent times. The dark energy is an exotic energy component with negative pressure,
which explain many observations well and solves some major problems of standard
cosmology. The second possibility is by assuming that the general relativity breaks
down at large scales and the gravitational field can be described by a more general
action.
The f(R) theory of gravity [1,2,3,4,5,6,7] is an alternative to General Relativity
(GR) to justify the cosmic acceleration and early inflation in different way. In
f(R) theory, the cosmic acceleration is obtained by the term 1R where R is the
Ricci scalar in the Einstein-Hilbert action. f(R) gravity models also addressed
the issue of dark matter [8,9,10,11]. Recently, the mimetic F (R) gravity [12,13,
14] has been proposed to investigate the early-time and late-time acceleration of
the universe. It is demonstrated that the mimetic F (R) gravity consistent with
Plank and BICEP2/Keck Array observations. The f(R) gravity was modified by
introducing the trace of energy momentum tensor T to the action yielding f(R, T )
gravity [15]. The action for the f(R, T ) gravity is given as
S =
∫ √−g(f(R, T )
16pi
+ Lm
)
d4x (1)
where Lm is the matter Lagrangian and g = |gij |. Varying the action in equation
(1) with respect to metric tensor gij the field equations are obtained as
fR(R, T )Rij − 1
2
f(R, T )gij + (gij−∇i∇j)fR(R, T ) =
8piTij − fT (R, T )Tij − fT (R, T )Θij (2)
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where
Θij = −2Tij + gijLm − 2glm ∂
2Lm
∂gij∂glm
(3)
Here fR(R, T ) =
∂f(R,T )
∂R , fT (R, T ) =
∂f(R,T )
∂T ,  ≡ ∇i∇i where ∇i represents
covariant derivative.
Contraction of equation (3) yields
fR(R, T )R+ 3fR(R, T )− 2f(R, T ) = (8pi − fT (R, T ))T − fT (R, T )Θ (4)
where Θ = gijΘij . From equations (2) and (4), one can obtain
fR(R, T )
(
Rij − 1
3
Rgij
)
+
1
6
f(R, T )gij =
8pi − fT (R, T )
(
Tij − 1
3
Tgij
)
− fT (R, T )
(
Θij − 1
3
Θgij
)
+∇i∇jfR(R, T ). (5)
Numerous works have been done in the past few years in f(R, T ) theory of
gravity due to the growing interests on the modified theories. One can see a recent
work for a case study on f(R, T ) gravity in Salehi and Aftabi [16]. Hundjo et al. [17]
has developed the cosmological reconstruction of f(R, T ) gravity and discussed the
transition of matter dominated phase to an accelerated phase. The non-equilibrium
picture of thermodynamics at apparent horizon for Friedmann-Robertson-Walker
(FRW) universe is discussed in this theory [18]. Sharif et al. [19] have studied
various energy conditions in f(R, T ) gravity and they reduce the same to f(R)
and f(T ) gravity. The Godel solutions are derived in this modified theory [20,21].
Memoni et al. [22] have studied the generalized second law of thermodynamics in
f(R, T ) gravity. The effect of bulk viscosity in f(R, T ) gravity is discussed for FRW
metric [23]. Shri Ram and Chandel [24] have discussed dynamics of magnetized
string cosmological model. Two classes of f(R, T ) gravity models is investigated by
Shamir and Raja [25] for cylindrically symmetric space-time. Mores et al. [26] have
discussed about the hydro static equilibrium configuration of neutron stars and
strange stars in the contexts of f(R, T ) gravity. Here the fluid pressure is computed
from the equations of state (EoS) ρ = ωρ
5
3 and p = 0.28(ρ − 4B), where B is
a constant and ρ is the energy density of the fluid. Alhamzawi and Alhamzawi
[27] have discussed the gravitational lensing in first class of f(R, T ) gravity. They
have calculated the effect of f(R, T ) gravity on gravitational lensing and shown
that it can give a considerable contribution to gravitational lensing. Mores [28] has
discussed the varying speed of light in f(R, T ) gravity. Alves et al. [29] have studied
the gravitational waves scenario in this theory. Yousaf et al [30] have investigated
the irregularity factor of self gravitating star due to imperfect fluid in f(R, T )
gravity.
Though the observations is in favour of a homogeneous and isotropic Universe,
the possibility of anisotropic phase in the early Universe is also supported by some
observations. Also the presence of anisotropy affect the evolution of energy density.
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Evolution of anisotropic source for axially symmetric universe have been discussed
in f(R, T ) gravity [31]. The dynamical analysis of anisotropic spherically symmet-
ric collapsing star has presented in this modified gravity [32]. This motivates the
theorists to construct various models in different Bianchi space-times in different
contexts [33,34,35,36,37,38]. In this paper, we consider LRS Bianchi-I space-time as
our background metric and study the evolution of various cosmological parameters
in f(R, T ) theory of gravity.
2. Metric and Field Equations for f(R, T ) = f1(R) + f2(T )
The spatially homogeneous anisotropic LRS Bianchi type-I metric
ds2 = dt2 −A(t)2(dx2 + dy2)−B(t)2dz2, (6)
is symmetric corresponding to xy−plane. The average scale factor a, spatial volume
V , scalar expansion θ for metric (6) are
a = (A2B)
1
3 , V = a3 = A2B, θ = ui;i = 2
A′
A
+
B′
B
. (7)
For f(R, T ) = f1(R) + f2(T ), we consider the linear form f1(R) = λR and f2(T ) =
λT where λ is an arbitrary constant. Hence, in this case f(R, T ) = λ(R + T ). We
considered the source of matter as perfect fluid having energy momentum tensor
Tij = (ρ+ p)uiuj − pgij (8)
where ui = (0, 0, 0, 1) is four velocity vector satisfying uiui = 1, the f(R, T ) gravity
field equations (5) takes the form
λRij − 1
2
λ(R+ T )gij + (gij−∇i∇j)λ = 8piTij − λTij + λ(2Tij + pgij). (9)
Since (gij−∇i∇j)λ = 0, we obtain
Rij − 1
2
Rgij =
(
8pi + λ
λ
)
Tij +
(
p+
1
2
T
)
gij . (10)
From GR the Einstein tensor Gij ≡ Rij − 12gijR. Using this in equation (10), we
can write
Gij −
(
p+
1
2
T
)
gij =
(
8pi + λ
λ
)
Tij . (11)
In GR, the field equations with cosmological constant Λ usually written as
Gij − Λgij = −8piTij . (12)
Here, we assume a small −ve value for λ throughout the manuscript to get a better
analogy with usual Einstein field equations.
Comparison of (11) and (12) gives us
Λ ≡ Λ(T ) = p+ 1
2
T , (13)
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and λ = − 8pi8pi+1 . In other words, p+ 12T behaves as cosmological constant. The field
equations (10), for the metric (6) can be obtained as
A′′
A
+
A′B′
AB
+
B′′
B
=
(
8pi + λ
λ
)
p− Λ, (14)
2
A′′
A
+
(
A′
A
)2
=
(
8pi + λ
λ
)
p− Λ, (15)
(
A′
A
)2
+ 2
A′B′
AB
= −
(
8pi + λ
λ
)
ρ− Λ, (16)
where an overhead prime denote derivative with respect to time ‘t’ only. The trace
T for this model is T = −3p+ ρ, so that equation (13) reduces to
Λ(T ) =
1
2
(ρ− p). (17)
From equations (14) and (15), we have
A′
A
− B
′
B
=
c1
A2B
, (18)
where c1 is constant of integration. Again integrating
A
B
= c2 exp
[
c1
∫
dt
A2B
]
= c2 exp
[
c1
∫
dt
a3
]
, (19)
where c2 is integration constant.
Using the above value in equation (7), we can get
A = c
1/3
2 a exp
[
c1
3
∫
dt
a3
]
(20)
and
B = c
−2/3
2 a exp
[−2c1
3
∫
dt
a3
]
. (21)
The directional Hubble parameters are defined as H1 =
A′
A and H2 =
B′
B comes out
as H = 13 (2H1 +H2) and θ = 3H. The shear scalar σ
2 for the metric (6) is written
as
σ2 =
1
2
[∑
H2i −
1
3
θ2
]
=
1
3
(H1 −H2)2. (22)
Using directional Hubble parameters, we can write the field equations (14)-(16) as
H ′1 +H
′
2 +H
2
1 +H
2
2 +H1H2 = αp− Λ, (23)
2H ′1 + 3H
2
1 = αp− Λ, (24)
H21 +H1H2 = −αρ− Λ, (25)
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where α = 8pi+λλ . The Ricci scalar R for our model is
R = −2
[
2
A′′
A
+ 2
A′B′
AB
+
B′′
B
+
(
A′
A
)2]
(26)
Pressure, energy density and the cosmological constant for the model can be written
in terms of Hubble parameter as
p =
(4α+ 2)H ′1 + (6α+ 2)H
2
1 −H1H2
2α(α+ 1)
(27)
ρ =
2H ′1 + (2− 2α)H21 − (2α+ 1)H1H2
2α(α+ 1)
(28)
Λ = −2H
′
1 + 4H
2
1 +H1H2
2(α+ 1)
(29)
The equation of state parameter i.e. the ratio between pressure and energy density
is
ω =
(4α+ 2)H ′1 + (6α+ 2)H
2
1 −H1H2
2H ′1 + (2− 2α)H21 − (2α+ 1)H1H2
(30)
Having a general set up, we look for solutions to the field equations in the next
section.
3. Solution of the Field Equations
In order to obtain an explicit solutions to the field equations, we require a sup-
plementary constrain equation for the consistency of the system. This one extra
constrain can be chosen by assuming linear relationship between two variables in
the field equations or we can parametrize any particular variable. For a recent re-
view on various parametrization one can see [39]. Recently Pacif and Mishra [40]
have proposed special law of variation of Hubble parameter
H =
m
k1t+ k2
, (31)
where m ≥ 0, k1 6= 0 and k2 are constants and this readily gives the scale factor
explicitly as
a(t) = k3(k1t+ k2)
m
k1 , (32)
where k3 is integration constant. The deceleration parameter q comes out to be a
constant depending on k1and m.
q = −1 + d
dt
(
1
H
)
= −1 + k1
m
. (33)
July 20, 2017 0:38 WSPC/INSTRUCTION FILE IJGMMP-D-17-00171
LRS Bianchi type-I cosmological model with constant deceleration parameter in f(R, T ) gravity 7
Using the equation (32) in (20) and (21) the metric potentials are obtained as
functions of time as
A = c
1
3
2 k3(k1t+ k2)
m
k1 × exp
[
c1(k1t+ k2)
1− 3mk1
3k33(k1 − 3m)
]
(34)
B = c
−2
3
2 k3(k1t+ k2)
m
k1 × exp
[
−2c1(k1t+ k2)1−
3m
k1
3k33(k1 − 3m)
]
(35)
The directional Hubble parameters H1 and H2 becomes
H1 =
c1(k1t+ k2)
− 3mk1
3k33
+
m
k1t+ k2
(36)
H2 =
(k1t+ k2)
− 3mk1 −1
(
3k33m(k1t+ k2)
3m
k1 − 2c1(k1t+ k2)
)
3k33
(37)
The expansion scalar θ and the shear σ2 are obtained as
θ = 3H =
3m
k1t+ k2
, σ2 =
c21(k1t+ k2)
− 6mk1
3k63
(38)
The anisotropy parameter ∆ of the expansion is
∆ = 6
(σ
θ
)2
=
2c41(k1t+ k2)
2− 12mk1
27k123 m
2
(39)
The other dynamical parameters for our model are obtained as
p =
(k1t+ k2)
− 6mk1 −2
(
2(3α+ 2)c21(k1t+ k2)
2 − 3c1k33m(k1t+ k2)
3m
k1
+1
+9k63m(−2(2α+ 1)k1 + 6αm+m)(k1t+ k2)
6m
k1
)
18α(α+ 1)k63
(40)
ρ =
(k1t+ k2)
− 6mk1 −2
(
2(α+ 2)c21(k1t+ k2)
2 − 3(2α+ 1)c1k33m(k1t+ k2)
3m
k1
+1
−9k63m(2k1 + (4α− 1)m)(k1t+ k2)
6m
k1
)
18α(α+ 1)k63
(41)
Λ =
(k1t+ k2)
− 6mk1 −2
(
−2c21(k1t+ k2)2 − 3c1k33m(k1t+ k2)
3m
k1
+1
+9k63m(2k1 − 5m)(k1t+ k2)
6m
k1
)
18(α+ 1)k63
(42)
ω =
2(3α+ 2)c21(k1t+ k2)
2 − 3c1k33m(k1t+ k2)
3m
k1
+1
+9k63m(−2(2α+ 1)k1 + 6αm+m)(k1t+ k2)
6m
k1
2(α+ 2)c21(k1t+ k2)
2 − 3(2α+ 1)c1k33m(k1t+ k2)
3m
k1
+1
−9k63m(2k1 + (4α− 1)m)(k1t+ k2)
6m
k1
(43)
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Finally, the metric (6) reduces to
ds2 = dt2 − c 232 k23(k1t+ k2)2
m
k1 × exp 2
[
c1(k1t+ k2)
1− 3mk1
3k33(k1 − 3m)
]
(dx2 + dy2)
−c
−4
3
2 k
2
3(k1t+ k2)
2 mk1 × exp 2
[
−2c1(k1t+ k2)1−
3m
k1
3k33(k1 − 3m)
]
dz2, (44)
To have a better understanding of our obtained model, in the next section, we
take an example by constraining the model parameters with recent observation and
plot the cosmological parameters against cosmic time t.
4. Exemplification
From equation (33) it is clear that for an accelerated expansion of the Universe,
we must have k1 < m. Recent observations suggested that the numerical value of
the deceleration parameter should lie in the range, − 13 6 q < 0 which will valid in
our case if 23 6
k1
m < 0. For a flat space-time, the parameters k1, k2 and m must
satisfy the inequations 1.5 ≤ k1 ≤ 3, 2.5 ≤ m ≤ 4 and 0 < k2 < 2 [40]. For an
accelerated expansion consistent with the observation, the numerical value of the
deceleration parameter at present may be qp ≈ −0.55. So, constraining the values
of k1, k2 and m accordingly, we can study the evolution of various cosmological
parameters obtained in the previous section for our obtained model. Looking at the
range of these parameters, we choose here k1 = 1.59, m = 3.59, k2 = 0.7 and see
the evolution of these cosmological parameters graphically as follows.
0 2 4 6 8 10
0.5
1.0
1.5
2.0
t
H
Fig. 1. Profile of Hubble parameter (H) against time (in billion years) for k1 = 1.59, k2 = 0.7,
k3 = 1, m = 3.59, c1 = c2 = 1.
The profile of Hubble parameter, scale factor and metric potentials are presented
in the Figures 1-4. Here we noticed from the Figure 1 that, Hubble parameter is a
decreasing function of time and it approaches towards zero with the evolution of
time. Scale factor and metric potentials are increasing function of time and they are
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0 2 4 6 8 10
0
100
200
300
400
500
600
t
a
Fig. 2. Profile of Scale factor (a) against time (in billion years) for k1 = 1.59, k2 = 0.7, k3 = 1,
m = 3.59, c1 = c2 = 1.
0 2 4 6 8 10
0
100
200
300
400
500
600
t
A
Fig. 3. Profile of Metric potentials A against time (in billion years) for k1 = 1.59, k2 = 0.7, k3 = 1,
m = 3.59, c1 = c2 = 1.
0 2 4 6 8 10
0
100
200
300
400
500
600
t
B
Fig. 4. Profile of Metric potentials B against time (in billion years) for k1 = 1.59, k2 = 0.7, k3 = 1,
m = 3.59, c1 = c2 = 1.
approaching to infinity with the evolution of time i.e. a,A,B →∞ when t→∞.
The profile of energy density and pressure is presented in the Figure 5 and Figure
6 respectively. Here we noticed from the figure that, energy density is a decreas-
ing function of time and it approaches towards zero with the evolution of time.
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Here the positivity of energy density, tighten the interval of k2 from 0 < k2 < 2
to 0.6 < k2 < 2. The pressure of the model is also approaching to zero with the
evolution of time and it is negative, which follow the observational data.
Figure 7 and Figure 8 represents the profile of cosmological constant and EoS pa-
rameter against time. The cosmological constant is positive and decreasing function
of time. Here Λ→ 0 when t→∞. The EoS parameter is negative valued function
and which is less than −1. It means that, our models represents the phantom energy
cosmological model.
Fig. 5. Profile for energy density against time for k1 = 1.59, k3 = 1, m = 3.59, c1 = c2 = 1 for
various values of k2.
Fig. 6. Profile for pressure against time for k1 = 1.59, k3 = 1, m = 3.59, c1 = c2 = 1 for various
values of k2.
5. Distances in Cosmology
Distance is one of the basic measurement that we can performed. In the history of
astronomy, distance measurement played a important role and some time surprising
role for understanding about Universe. In this section, we have presented some of
the different distance measures.
5.1. Look-back time-redshift
The look-back time tL is defined as the difference between the present age of the
Universe t0 and the age of the Universe, when a particular light from a cosmic
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Fig. 7. Profile for cosmological constant against time for k1 = 1.59, k3 = 1, m = 3.59, c1 = c2 = 1
for various values of k2.
Fig. 8. Profile for EoS parameter against time for k1 = 1.59, k3 = 1, m = 3.59, c1 = c2 = 1 for
various values of k2.
source at a particular redshift z was emitted. Thus it is defined as
tL = t0 − t(z) =
∫ a0
a
da
a˙
, (45)
where a0 is the present day scale factor of the Universe. The scale factor of the
Universe a(t) is related to a0 by the relation
a
a0
=
1
1 + z
(46)
For the discussed model, we have
k1t+ k2 = (k1t0 + k2)(1 + z)
− mk1 (47)
The above equation takes the form
H0(t0 − t) = m
k1
[
1− (1 + z)− mk1
]
(48)
Here H0 is the Hubble constant at present. The value of H0 is lies between 50−100
km s−1 Mpc−1. The equation (48) can also be expressed as
H0(t0 − t) =
(
m
k1
)2 [
z − m+ k1
2k1
z2 +
(m+ k)(m+ 2k)
6k2
z3 − · · · · ·
]
(49)
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Fig. 9. Profile for Look-back time against red-shift for m = 3.59, H0 = 60 for various values of k1.
Fig. 10. Profile for Proper distance against red-shift for m = 3.59, H0 = 60, k3 = 1 for various
values of k1.
With the help of q = −1 + k1m , equation (49) takes the form
H0(t0 − t) = 1
(1 + q)2
[
z − 2 + q
2(1 + q)
z2 +
(2 + q)(3 + 2q)
6(1 + q)
z3 − · · · · ·
]
(50)
When z →∞, equation (48) reads
tL = t0 − t = m
k1
H−10 =
H−10
1 + q
(51)
For small z, H0(t0 − t) can be approximated as
H0(t0 − t) ≈
(
m
k1
)2
z =
z
(1 + q)2
(52)
5.2. Proper Distance
The proper distance d(z) is defined as the distance between a cosmic source emitting
light at any instant t = t1, located at r = r1 with redshift z and the observer
receiving the light from the source emitted at r = 0 and t = t0. Thus
d(z) = r1a0, wherer1 =
∫ t0
t1
dt
a
(53)
For the discussed model, we have the proper distance as
d(z) =
mH−10
k3(k1 −m)
[
1− (1 + z)− mk1 (1− mk1 )
]
(54)
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Fig. 11. Profile for Luminosity distance against red-shift for m = 3.59, H0 = 60, k3 = 1 for various
values of k1.
Fig. 12. Profile for Angular-diameter distance against red-shift for m = 3.59, H0 = 60, k3 = 1 for
various values of k1.
The above expression indicates that, d(z)→ mH−10k3(k1−m) when z →∞ for 0 < mk1 < 1
and d(z)→∞ when z →∞ for mk1 ≥ 1.
5.3. Luminosity distance
The apparent luminosity of a source at radial coordinate r1 with a redshift z of any
size l is defined as
l =
L
4pir21a
2
0(1 + z)
2
, (55)
where L is the absolute luminosity distance. Let us introduce a luminosity distance
dL as
dL =
(
L
4pil
)
= a0r1(1 + z) (56)
With the help of equation (53), equation (56) takes the form
dL = d(z)(1 + z) (57)
For the discussed model, we have Luminosity distance dL as
dL =
mH−10
k3(k1 −m)
[
1− (1 + z)− mk1 (1− mk1 )
]
(1 + z) (58)
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5.4. Angular-diameter distance
The angular-diameter distance dA is defined such that
θ =
l
dA
,
where θ is the angle subtended by an object of size l. It is also defined in term of
proper distance and Luminosity distance as
dA = d(z)(1 + z)
−1 = dL(1 + z)−2.
For the presented model
H0dA =
m
k3(k1 −m)
[
1− (1 + z)− mk1 (1− mk1 )
]
(1 + z)−1. (59)
5.5. Distance Modulus
The distance modulus (µ(z)) is given as
µ(z) = 5 log dL + 25
Thus, the distance modulus (µ(z)) in terms of redshift parameter z is obtained as
µ(z) = 5 log
(
mH−10
k3(k1 −m)
[
1− (1 + z)− mk1 (1− mk1 )
])
+ 25 (60)
6. Conclusion
In this article, we have presented a new solution to the field equations by using the
law of variation for Hubble’s parameter which yield constant deceleration parame-
ter. The law of variation for Hubble parameter in Eq. (31) explicitly determine the
values of the scale factors. One can solve Einstein field equations for Bianchi type
metric with this functional form of Hubble parameter in principle. For k1 = 0, the
deceleration parameter q = −1 and dHdt = 0, which gives the greatest value of H and
fastest rate of expansion as presented in Figure 1. This type of solutions are con-
sistent as per the recent observations for an accelerated expansion of the universe.
The variation of Hubble parameter presented in this paper may be used to study
new solutions of Einstein field equations in modified theories of gravity. The model
obtained in Eq. (44) of the universe start with a singularity at t = −k2k1 and remain
regular in finite region. The expansion rate goes down with time and finally tend
to zero as t→∞. From the anisotropy parameter, it is observed that the model of
the universe remains anisotropic throughout the evolution. The energy density ap-
proaches to zero as t→∞. The EoS parameter clearly shows that this model is in
phantom region. Finally, we have discussed the consistency of this model with the
distance parameters such as look back time, proper distance, luminosity distance,
angular diameter distance and the distance modulus (see Figure 9 to Figure 12).
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